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  General	
  Relativity	
  (GR)	
  
has	
  been	
  extensively	
  
tested	
  in	
  the	
  weak	
  
field,	
  stationary	
  regime	
  
(Misner,	
  Thorne	
  &	
  
Wheeler	
  1973)	
  

  First	
  tests	
  of	
  its	
  
dynamics	
  came	
  with	
  
the	
  Hulse-­‐Taylor	
  pulsar	
  



  Binary	
  pulsar	
  tests	
  are	
  still	
  in	
  the	
  weak	
  field	
  
regime:	
  

  Compact	
  binary	
  coalescences	
  at	
  the	
  last	
  stable	
  
orbit:	
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Coalescences of binary neutron stars and/or black holes are amongst the most likely gravitational-

wave signals to be observed in ground based interferometric detectors. Apart from the astrophysical

importance of their detection, they will also provide us with our very first empirical access to the gen-

uinely strong-field dynamics of General Relativity (GR). We present a Bayesian data analysis method

aimed at detecting deviations from GR, through measuring the consistency of the gravitational-wave

phase coefficients in the inspiral regime with the predictions made by GR, without relying on any

specific alternative theory of gravity. Sources in the Advanced LIGO and Virgo detectors are likely

to have low a signal-to-noise ratio (SNR). Therefore, here we introduce a framework in which in-

dividual sources are analysed for deviations in a limited number of the first few phase coefficients,

which are the most easily determined in a low-SNR scenario. We also show that by combining the

results of multiple observations one can achieve a more powerful test than for any individual source.

In order to explore this problem, we perform a range of numerical experiments in which simulated

gravitational waves modeled in the restricted post-Newtonian, stationary phase approximation are

added to Gaussian and stationary noise that follows the expected Advanced LIGO/Virgo noise

curves.

PACS numbers: 04.80.Nn, 02.70.Uu, 02.70.Rr

I. INTRODUCTION

General Relativity (GR) is a non-linear, dynamical
theory of gravity. Until the 1970s, all of its tests in-
volved the weak-field, stationary regime; these are the
standard Solar System tests that are discussed in most
textbooks, e.g. [1]. GR passed them with impressive ac-
curacy. Nevertheless, the more interesting part of any
field theory resides in its dynamics, and this is especially
true of GR [2, 3]. A first test of the latter came from
the Hulse-Taylor binary and a handful of similar tight
neutron star binaries [4–6], whose orbital elements are
changing in close agreement with GR under the assump-
tion that energy and angular momentum is carried away
by gravitational waves (GW). Thus, these discoveries led
to the very first, albeit indirect, evidence for GW. How-
ever, even the most relativistic of these binaries, PSR
J0737-3039 [5, 6], is still in the relatively slowly vary-
ing, weak-field regime from a GR point of view, with a
compactness of GM/(c2R) � 4.4× 10−6, with M the to-
tal mass, R the orbital separation, and a typical orbital
speed v/c � 2 × 10−3. By contrast, for an inspiraling
compact binary at the nominal last stable orbit with a
separation of R = 6GM/c2, we have GM/(c2R) = 1/6
and v/c = 1/

√
6. This constitutes the genuinely strong-

field, dynamical regime of General Relativity, which in
the foreseeable future will only be empirically accessible

by means of gravitational-wave detectors.

Several large gravitational wave observatories have
been operational for some years now: the two 4 km arm
length LIGO interferometers in the US [7], the 3 km arm
length Virgo in Italy [8, 9], and the 600 m arm length
GEO600 [10]. By around 2015, LIGO and Virgo will have
been upgraded to their so-called advanced configurations
[11–14], and shortly afterwards up to tens of detections
per year are expected [15]. Another planned GW obser-
vatory is the Japanese LCGT [16], and the construction
of a further large interferometer in Australia is under con-
sideration [17]. Among the most promising sources are
the inspiral and merger of compact binaries composed of
two neutron stars (BNS), a neutron star and a black hole
(NSBH), or two black holes (BBH).

Within GR, especially the inspiral part of the coales-
cence process has been modeled in great detail using the
post-Newtonian (PN) formalism (see [18] and references
therein), in which quantities such as the conserved en-
ergy and flux are found as expansions in v/c, where v
is a characteristic speed. During inspiral, the GW sig-
nals will carry a detailed imprint of the orbital motion.
Indeed, the contribution at leading order in amplitude
has a phase that is simply 2Φ(t), with Φ(t) the orbital
phase. Thus, the angular motion of the binary is directly
encoded in the waveform’s phase, and assuming quasi-
circular inspiral, the radial motion follows from the in-
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5INFN, Sezione di Firenze, I-50019 Sesto Fiorentino, Italy

(Dated: November 18, 2011)

Coalescences of binary neutron stars and/or black holes are amongst the most likely gravitational-

wave signals to be observed in ground based interferometric detectors. Apart from the astrophysical

importance of their detection, they will also provide us with our very first empirical access to the gen-

uinely strong-field dynamics of General Relativity (GR). We present a Bayesian data analysis method

aimed at detecting deviations from GR, through measuring the consistency of the gravitational-wave

phase coefficients in the inspiral regime with the predictions made by GR, without relying on any

specific alternative theory of gravity. Sources in the Advanced LIGO and Virgo detectors are likely

to have low a signal-to-noise ratio (SNR). Therefore, here we introduce a framework in which in-

dividual sources are analysed for deviations in a limited number of the first few phase coefficients,

which are the most easily determined in a low-SNR scenario. We also show that by combining the

results of multiple observations one can achieve a more powerful test than for any individual source.

In order to explore this problem, we perform a range of numerical experiments in which simulated

gravitational waves modeled in the restricted post-Newtonian, stationary phase approximation are

added to Gaussian and stationary noise that follows the expected Advanced LIGO/Virgo noise

curves.

PACS numbers: 04.80.Nn, 02.70.Uu, 02.70.Rr

I. INTRODUCTION

General Relativity (GR) is a non-linear, dynamical
theory of gravity. Until the 1970s, all of its tests in-
volved the weak-field, stationary regime; these are the
standard Solar System tests that are discussed in most
textbooks, e.g. [1]. GR passed them with impressive ac-
curacy. Nevertheless, the more interesting part of any
field theory resides in its dynamics, and this is especially
true of GR [2, 3]. A first test of the latter came from
the Hulse-Taylor binary and a handful of similar tight
neutron star binaries [4–6], whose orbital elements are
changing in close agreement with GR under the assump-
tion that energy and angular momentum is carried away
by gravitational waves (GW). Thus, these discoveries led
to the very first, albeit indirect, evidence for GW. How-
ever, even the most relativistic of these binaries, PSR
J0737-3039 [5, 6], is still in the relatively slowly vary-
ing, weak-field regime from a GR point of view, with a
compactness of GM/(c2R) � 4.4× 10−6, with M the to-
tal mass, R the orbital separation, and a typical orbital
speed v/c � 2 × 10−3. By contrast, for an inspiraling
compact binary at the nominal last stable orbit with a
separation of R = 6GM/c2, we have GM/(c2R) = 1/6
and v/c = 1/

√
6. This constitutes the genuinely strong-

field, dynamical regime of General Relativity, which in
the foreseeable future will only be empirically accessible

by means of gravitational-wave detectors.

Several large gravitational wave observatories have
been operational for some years now: the two 4 km arm
length LIGO interferometers in the US [7], the 3 km arm
length Virgo in Italy [8, 9], and the 600 m arm length
GEO600 [10]. By around 2015, LIGO and Virgo will have
been upgraded to their so-called advanced configurations
[11–14], and shortly afterwards up to tens of detections
per year are expected [15]. Another planned GW obser-
vatory is the Japanese LCGT [16], and the construction
of a further large interferometer in Australia is under con-
sideration [17]. Among the most promising sources are
the inspiral and merger of compact binaries composed of
two neutron stars (BNS), a neutron star and a black hole
(NSBH), or two black holes (BBH).

Within GR, especially the inspiral part of the coales-
cence process has been modeled in great detail using the
post-Newtonian (PN) formalism (see [18] and references
therein), in which quantities such as the conserved en-
ergy and flux are found as expansions in v/c, where v
is a characteristic speed. During inspiral, the GW sig-
nals will carry a detailed imprint of the orbital motion.
Indeed, the contribution at leading order in amplitude
has a phase that is simply 2Φ(t), with Φ(t) the orbital
phase. Thus, the angular motion of the binary is directly
encoded in the waveform’s phase, and assuming quasi-
circular inspiral, the radial motion follows from the in-

Towards a generic test of the strong field dynamics of general relativity using compact
binary coalescence

T.G.F. Li1, W. Del Pozzo1, S. Vitale1, C. Van Den Broeck1, M. Agathos1,
J. Veitch2, K. Grover3, T. Sidery3, R. Sturani4,5, A. Vecchio3

1Nikhef – National Institute for Subatomic Physics,
Science Park 105, 1098 XG Amsterdam, The Netherlands

2School of Physics and Astronomy, Cardiff University,
Queen’s Buildings, The Parade, Cardiff CF24 3AA, United Kingdom

3School of Physics and Astronomy, University of Birmingham,
Edgbaston, Birmingham B15 2TT, United Kingdom

4Dipartmento di Scienze di Base e Fondamenti, Università di Urbino, I-61029 Urbino, Italy
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  The	
  in-­‐spiral	
  of	
  CBC	
  systems	
  is	
  modeled	
  with	
  
great	
  accuracy	
  with	
  the	
  PN	
  formalism	
  
(Blanchet	
  2002)	
  
  GW	
  carry	
  detailed	
  orbital	
  information	
  
  At	
  leading	
  amplitude	
  order:	
  	
  
	
  phase	
  of	
  GW=2	
  x	
  orbital	
  phase	
  	
  

  Unlike	
  the	
  binary	
  pulsar	
  case	
  (Maggiore	
  
2008),	
  tests	
  of	
  GR	
  with	
  CBC	
  signals	
  are	
  not	
  
limited	
  to	
  the	
  1PN	
  conservative	
  part	
  of	
  the	
  
dynamics	
  



  CBC	
  provides	
  access	
  to	
  non-­‐linear	
  effects:	
  

  1.5PN	
  tail	
  effects,	
  spin-­‐orbit	
  coupling	
  

  2PN	
  spin-­‐spin	
  coupling	
  

  Fisher	
  Information	
  Matrix	
  studies	
  suggest	
  
that	
  AdvLIGO/Virgo	
  can	
  constrain	
  at	
  least	
  to	
  
1.5PN	
  (Mishra	
  et	
  al.	
  2010)	
  



  For	
  each	
  GW	
  detection	
  we	
  consider	
  two	
  
alternative	
  scenarios:	
  
①  the	
  signal	
  is	
  described	
  by	
  the	
  predictions	
  of	
  GR	
  
②  the	
  signal	
  is	
  NOT	
  described	
  by	
  the	
  predictions	
  of	
  

GR	
  
  Let’s	
  define	
  the	
  corresponding	
  hypotheses:	
  
①  	
  	
  
②  	
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or pair of parameters, having support within a large in-
terval or square centered on the origin, and normalized to
one. For the other parameters, �θ, we use the same func-
tional form and limits as [66], with the exception of the
distance being allowed to vary between 1 and 1 000Mpc.
Note that the component masses are restricted to the
range 1 to 35M⊙.

For completeness, we note that what nested sampling
will give us directly are not the Bayes factors of Eq. (20),
but rather the Bayes factors for the various hypotheses
against the noise-only hypothesis Hnoise:

B1
noise =

P (d|H1, I)

P (d|Hnoise, I)
,

B2
noise =

P (d|H2, I)

P (d|Hnoise, I)
,

B12
noise =

P (d|H12, I)

P (d|Hnoise, I)
,

BGR
noise =

P (d|HGR, I)

P (d|Hnoise, I)
. (21)

These can trivially be combined to obtain the Bayes fac-
tors of Eq. (20):

B1
GR =

B1
noise

BGR
noise

, B2
GR =

B2
noise

BGR
noise

, B12
GR =

B12
noise

BGR
noise

. (22)

Now, upon calculating the Bayes factors for each model,
we would like to combine these measurements into an
overall odds ratio between the GR model and any of
the competing hypotheses. In order to do this, we
must specify the prior odds for each model against GR,
P (H1|I)/P (HGR|d, I), P (H2|I)/P (HGR|I), etc. For the
purposes of this analysis, we invoke the principle of in-
difference among the alternative hypotheses, taking no
one to be preferable to any other. This imposes the con-
dition that the prior odds of each against GR is equal.
We explicitly note that this is a choice of the authors
for computing final results. This choice results in our ef-
fectively taking the average of the Bayes factors for the
alternative hypotheses when we compute the odds ratio
versus GR.

When combining the Bayes factors into the odds ratio,
we therefore assume

P (H1|I)

P (HGR|I)
=

P (H2|I)

P (HGR|I)
=

P (H12|I)

P (HGR|I)
. (23)

Furthermore, we let

P (HmodGR|I)

P (HGR|I)
=

P (H1 ∨H2 ∨H12|I)

P (HGR|I)
= α, (24)

where we do not specify α; it will end up being an overall
scaling of the odds ratio. This, together with (23) and
the logical disjointness of the hypotheses H1, H2, H12

implies

P (H1|I)

P (HGR|I)
=

P (H2|I)

P (HGR|I)
=

P (H12|I)

P (HGR|I)
=

α

3
. (25)

The final expression for the odds ratio for a modifi-
cation of GR versus GR, in the case where up to two
coefficients are used for testing, is then

(2)OmodGR
GR =

α

3

�
B1

GR +B2
GR +B12

GR

�
. (26)

C. The general case

So far we have assumed just two testing coefficients,
but we may want to use more. In practice it makes sense
to pick the first NT coefficients, ψ1, . . . ,ψNT , NT ≤ M .
We then define

HmodGR =
�

i1<i2<...<ik;k≤NT

Hi1i2...ik . (27)

When using this set of test coefficients, the odds ratio for
‘modification to GR’ versus GR becomes:

(NT )OmodGR
GR

=
P (HmodGR|d, I)

P (HGR|d, I)

=
P (

�
i1<i2<...<ik;k≤NT

Hi1i2...ik |d, I)

P (HGR|d, I)
,

(28)

where as before, Hi1i2...ik is the hypothesis that
{ψi1 ,ψi2 , . . . ,ψik} do not have the functional dependence
on (M, η) as predicted by GR, but all of the remaining
coefficients do. Thus, we are considering the odds ratio
for one or more of the phase coefficients ψ1, . . . ,ψNT de-
viating from GR, versus all of them having the functional
dependence on masses as in GR.
Using the logical disjointness of the Hi1i2...ik for differ-

ent subsets {i1, i2, . . . , ik} as well as Bayes’ theorem, one
can write

(NT )OmodGR
GR =

NT�

k=1

�

i1<i2<...<ik

P (Hi1i2...ik |I)

P (HGR|I)
Bi1i2...ik

GR ,

(29)
where

Bi1i2...ik
GR =

P (d|Hi1i2...ik , I)

P (d|HGR, I)
. (30)

Again, one computes the 2NT −1 individual Bayes fac-
tors Bi1i2...ik

GR of each of the alternative hypotheses versus
GR. The evaluation of the odds ratio requires that we
use specific values for the prior odds ratios. We will set
them equal to each other, as we did in Eq. (23):

P (Hi1i2...ik |I)

P (HGR|I)
=

P (Hj1j2...jl |I)

P (HGR|I)
for any k, l ≤ NT ,

(31)
in which case the odds ratio (NT )OmodGR

GR will be propor-
tional to a straightforward average of the Bayes factors.
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In this case, we set

P (HmodGR|I)
P (HGR|I)

= α. (32)

The equality (32), together with (31) and the logical dis-

jointness of the 2NT − 1 hypotheses Hi1...ik implies

P (Hi1i2...ik |I)
P (HGR|I)

=
α

2NT − 1
. (33)

In terms of the Hi1i2...ik , the odds ratio can then be writ-

ten as

(NT )OmodGR
GR =

α

2NT − 1

NT�

k=1

�

i1<i2<...<ik

Bi1i2...ik
GR . (34)

Analogously to (20), we will use priors on the parameters

δχi

{i1i2...ik}π(δχi1 , δχi2 , . . . , δχik) (35)

which are constant within some large box centered on the

origin.

D. Combining information from multiple sources

Although the detection rate for binary neutron star is

still rather uncertain, we expect advanced instruments to

detect several events per year [15]. It is therefore impor-

tant to take advantage of multiple detections to provide

tighter constraints on the validity of GR. Consider a set

of N independent GW events, corresponding to N inde-

pendent data sets dA. We do not assume that deviations

from GR are necessarily consistent between events, but

rather that they can vary from source to source. Let us

consider a set of N independent GW events, correspond-

ing to N independent data sets dA. We assume there

is a common underlying theory of gravity that describes

emission of gravitational waves from the sources that are

observed, but that the actual values of the parameters

(in this case the ψi) can vary from source to source. One

can write down a combined odds ratio for the catalog of

sources:

(NT )OmodGR
GR

=
P (HmodGR|d1, . . . , dN , I)

P (HGR|d1, . . . , dN , I)

=

�NT

k=1

�
i1<i2<...<ik

P (Hi1i2...ik |d1, . . . , dN , I)

P (HGR|d1, . . . , dN , I)

=

NT�

k=1

�

i1<i2<...<ik

P (Hi1i2...ik |I)
P (HGR|I)

(cat)Bi1i2...ik
GR , (36)

where

(cat)Bi1i2...ik
GR =

P (d1, . . . , dN |Hi1i2...ik , I)

P (d1, . . . , dN |HGR, I)
. (37)

Since the events d1, . . . , dN are all independent, one has

P (d1, . . . , dN |Hi1i2...ik , I) =

N�

A=1

P (dA|Hi1i2...ik , I),

P (d1, . . . , dN |HGR, I) =

N�

A=1

P (dA|HGR, I). (38)

Thus,

(cat)Bi1i2...ik
GR =

N�

A=1

(A)Bi1i2...ik
GR , (39)

with

(A)Bi1i2...ik
GR =

P (dA|Hi1i2...ik , I)

P (dA|HGR, I)
. (40)

To evaluate the combined odds ratio of the catalog we

chose to invoke indifference (as in Eq. (23)) and set the

individual prior odds ratios equal to each other, so that

P (Hi1i2...ik |I)
P (HGR|I)

=
α

2NT − 1
. (41)

Together with Eqns. (36), (39), this leads to

(NT )OmodGR
GR =

α

2NT − 1

NT�

k=1

�

i1<i2<...<ik

N�

A=1

(A)Bi1i2...ik
GR ,

(42)

which, up to an overall prefactor, amounts to taking the

average of the cumulative Bayes factors (39).

Alternatively, one may prefer not to make any assump-

tions for the prior odds ratios P (Hi1i2...ik |I)/P (HGR|I)
at all, and focus on the cumulative Bayes factors
(cat)Bi1i2...ik

GR separately and individually. It will also be

of interest to look at the cumulative Bayes factors for the

various hypotheses Hi1i2...ik and HGR against the noise-

only hypothesis Hnoise:

�

A

(A)Bi1i2...ik
noise =

�

A

P (dA|Hi1i2...ik , I)

P (dA|Hnoise, I)
,

�

A

(A)BGR
noise =

�

A

P (dA|HGR, I)

P (dA|Hnoise, I)
, (43)

and we note that

(cat)Bi1i2...ik
GR =

�
A

(A)Bi1i2...ik
noise�

A�
(A�)BGR

noise

. (44)

Finally, we will also look at the individual contributions
(A)Bi1i2...ik

noise and (A)BGR
noise, for A = 1, 2, . . . ,N .

IV. RESULTS

To illustrate the method, we construct catalogs of 15

binary neutron star sources, distributed uniformly in vol-

ume, with arbitrary sky positions and orientations, and



  Let’s	
  assume	
  that	
  the	
  GR	
  hypothesis	
  
corresponds	
  to	
  this	
  proposition:	
  
  the	
  GW	
  waveform	
  is	
  described	
  by	
  a	
  non-­‐spinning	
  
3.5PN	
  Taylor	
  series	
  in	
  the	
  frequency	
  domain	
  (what	
  
is	
  commonly	
  referred	
  to	
  as	
  TaylorF2):	
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first and foremost wish to demonstrate the validity of
a particular method, for which it will not be necessary
to use very sophisticated waveforms. Also, as suggested
by Fisher matrix calculations such as those of Mishra et
al. [23], methods based on measuring phase coefficients
will be the most accurate at low total mass. In this pa-
per we limit ourselves to BNS sources, for which spin will
be negligible, as well as sub-dominant signal harmonics
[43, 55]. Since we will assume a network of Advanced
LIGO and Virgo detectors, the merger and ringdown sig-
nals will also not have a large impact [56]. Thus, for
a first analysis we will focus on the inspiral part of the
coalescence process, modelling the waveform in the fre-
quency domain using the stationary phase approximation
(SPA) [57, 58]. In particular, we use the so-called Tay-
lorF2 waveforms [59, 60].

Since our test of GR will be based on measuring phase
coefficients, we will need to know how sensitive our wave-
form model is to minor changes in the values of these co-
efficients. To get a sense of this, one could use the results
of [23] as a guide, but since these are based on the Fisher
matrix they necessarily assume that signal and template
are from the same waveform family. Before explaining
our method for testing GR, we will first look at what
happens both to detectability and parameter estimation
when the signal contains a deviation from GR but is be-
ing searched for with a bank of GR templates.

A. Model waveform(s) and detector configuration

We start from the way TaylorF2 is implemented in the
LIGO Algorithms Library [59]:

h(f) =
1

D

A(angles,M, η)�
Ḟ (M, η; f)

f2/3 eiΨ(M,η;f), (1)

where Ḟ (M, η; f) is an expansion in powers of the fre-
quency f with mass-dependent coefficients, and

Ψ(M, η; f)

= 2πftc − φc − π/4

+
7�

i=0

�
ψi + ψ(l)

i ln f
�
f (i−5)/3, (2)

with tc and φc the time and phase at coalescence, respec-
tively. In the case of GR, the functional dependence of

the coefficients ψi and ψ(l)
i on (M, η) can be found in

[23]. However, here we will not assume that those rela-
tionships necessarily hold, except in the case of ψ0. With
minor abuse of notation, let us re-label the remaining co-
efficients as ψi, i = 1, . . . ,M .

Let us focus on the phase (2). One way of testing GR
would be to use a model waveform in which all the ψi are
considered free parameters, measure these together with
M and η, and check whether one obtains agreement with

the functional relations ψi(M, η) predicted by GR. How-
ever, the events we expect in Advanced LIGO/Virgo will
probably not have sufficient SNR for this to be directly
feasible.
Below we instead suggest a scheme where a large num-

ber of tests are done, in each of which a specific, limited
subset of the phase coefficients are left free while the oth-
ers have the dependence on masses as in GR. The results
from all of these tests can then be combined into the odds
ratio for a general deviation from GR versus GR being
correct.
In this study we will assume a network of two Ad-

vanced LIGO detectors, one in Hanford, WA, and the
other one in Livingston, LA, together with the Advanced
Virgo detector in Cascina, Italy. We take the Advanced
LIGO noise curve to be the one with zero-detuning of
the signal recycling mirror, and high laser power [61].
With these assumptions, the curve in Fig. 1 represents
the incoherent sum of the principal noise sources as they
are currently understood; however, there may be un-
expected, additional sources of noise. The high-power,
zero-detuning option gives most of the desired sensitiv-
ity with the fewest technical difficulties. Advanced Virgo
can also be optimized for BNS sources by an appropri-
ate choice of the signal recycling detuning and the signal
recycling mirror transmittance [13], and this is what we
assume here.

FIG. 1: The high-power, zero-detuning noise curve for Ad-

vanced LIGO, and the BNS-optimized Advanced Virgo noise

curve.

B. Changes in phase coefficients and detectability

It is important to investigate to what extent signals
that may deviate from General Relativity could be de-
tected in the first place. The fitting factor (FF ) is a
measure of the adequateness of a template family to fit
the signal; 1− FF is the reduction in signal-to-noise ra-
tio that occurs from using a model waveform which dif-
fers from the exact signal waveform when searching the
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(1) Ψ(M, η; f) = 2πftc − ϕc −
π

4
+

7�

i=0

�
ψi + ψ(l)

i ln f
�
f (i−5)/3

1



  In	
  GR	
  the	
  phase	
  coefficients	
  of	
  the	
  Taylor	
  
expansion	
  are	
  particular	
  functions	
  of	
  the	
  
mass	
  parameters,	
  e.g.:	
  

  Define	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  as	
  the	
  hypothesis:	
  
  the	
  coefficient	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  is	
  the	
  exact	
  function	
  
predicted	
  by	
  GR	
  	
  

  In	
  practice,	
  we	
  take	
  the	
  GR	
  hypothesis	
  to	
  be:	
  

ψ0 =
3

128η
(1)

ψ1 = 0 (2)

ψi(M, η) (3)

1

ψ0 =
3

128η
(1)

ψ1 = 0 (2)

ψi(M, η) (3)

Hi (4)

HGR = H0 and H1 and H2 and . . . (5)

1

ψ0 =
3

128η
(1)

ψ1 = 0 (2)

ψi(M, η) (3)

Hi (4)

HGR = H0 and H1 and H2 and . . . ≡
7�

i=0

Hi (5)

ψmodGR
i �= ψi(M, η) (6)

HmodGR = not H0 or not H1 or not H2 or not . . . (7)

if A and B are disjoint P (A or B) = P (A) + P (B) (8)

1

δχA = −2.2 (20)

if Hi =
�

m

Hm and P (Hml and Hmk) = 0 for any ml,mk ∈ m (21)

HmodGR = not HGR (22)

ψi(M, η) = M
−5/3gi(η)(πMη−3/5)(i−5)/3 (23)

2



  In	
  these	
  terms,	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  corresponds	
  to:	
  
  one	
  or	
  more	
  of	
  the	
  coefficients	
  is	
  not	
  the	
  function	
  
predicted	
  by	
  GR:	
  

  In	
  logical	
  terms:	
  

  From	
  the	
  definition	
  of	
  the	
  two	
  hypotheses:	
  

ψ0 =
3

128η
(1)

ψ1 = 0 (2)

ψi(M, η) (3)

Hi (4)

HGR = H0 and H1 and H2 and . . . (5)

ψmodGR
i �= ψi(M, η) (6)

1

5

obtain

P (Hi|d, I) =
P (Hi|I)P (d|Hi, I)

P (d|I)
, (5)

where P (Hi|d, I) is the posterior probability of the hy-
pothesis Hi given the data, P (Hi|I) is the prior proba-
bility of the hypothesis, and P (d|Hi, I) is the marginal
likelihood or evidence for Hi, which can be written as:

P (d|Hi, I) = L(Hi)

=

�
d�θ p(�θ|Hi, I) p(d|�θ,Hi, I) . (6)

In the above expression, p(�θ|Hi, I) is the prior probabil-
ity density of the unknown parameter vector �θ within the
model corresponding to Hi, and p(d|�θ,Hi, I) is the like-
lihood function of the observation d, assuming a given
value of the parameters �θ and the model Hi.

If we want to compare different hypotheses Hi, Hj

in light of the observations made, we can compute the
relative posterior probabilities, which is known as the
odds ratio:

Oi,j =
P (Hi|d, I)

P (Hj |d, I)

=
P (Hi|I)

P (Hj |I)

P (d|Hi, I)

P (d|Hj , I)

=
P (Hi|I)

P (Hj |I)
Bi,j , (7)

where P (Hj |I)/P (Hi|I) is the prior odds of the two hy-
potheses, the confidence we assign to the models before
any observation, and Bi,j is the Bayes factor.

In addition to computing the relative probabilities of
different models, one usually wants to make inference
on the unknown parameters, and therefore one needs to
compute the joint posterior probability density function
(PDF)

p(�θ|d,Hi, I) =
p(�θ|Hi, I)p(d|�θ,Hi, I)

p(d|Hi, I)
. (8)

From the previous expression it is simple to compute the
marginalised PDF on any given parameter, say θ1 within
a given model Hi:

p(θ1|d,Hi, I) =

�
dθ2 . . .

�
dθN p(�θ|d,Hi, I) . (9)

The key quantities for Bayesian inference in Eq. (7), (8)
and (9) can be efficiently computed using e.g. a nested
sampling algorithm [63]. The basic idea of nested sam-
pling is to use a collection of n objects, called live points,
randomly sampled from the prior distributions, but sub-
ject to a constraint over the value of their likelihood. A
live point �ξ is a point in the multidimensional parame-
ter space. At each iteration, the live point �ξ∗ having the

lowest likelihood L(�ξ∗) is replaced with a new point �ξ
sampled from the prior distribution. To be accepted, the
new point must obey to the condition

L(�ξ) > L(�ξ∗) . (10)

The above condition ensures that regions of progressively
increasing likelihood are explored, and the evidence in-
tegral, Eq. (6), is calculated using those points as the
computation progresses. In this paper we use a spe-
cific implementation of this technique that was developed
for ground-based observations of coalescing binaries by
Veitch and Vecchio; we point the interested reader to
[64–68] for technical details.

B. Basic method for a single source

Given that we have no knowledge of which coeffi-
cient(s) might deviate from the GR values, we want to
test the hypothesis that at least one of them is different.
Let us first introduce some notation. We define hypothe-
ses Hi1i2...ik as follows:

Hi1i2...ik is the hypothesis that the phasing
coefficients ψi1 , . . . ,ψik do not have the func-
tional dependence on (M, η) as predicted by
General Relativity, but all other coefficients
ψj , j /∈ {i1, i2, . . . , ik} do have the depen-
dence as in GR.

Thus, for example, H12 is the hypothesis that ψ1 and ψ2

deviate from their GR values, with all other coefficients
being as in GR. With each of the hypotheses above, we
can associate a waveform model that can be used to test
it. Let �θ = {M, η, . . .} be the parameters occurring in
the GR waveform. ThenHi1i2...ik is tested by a waveform
in which the independent parameters are

{�θ,ψi1 ,ψi2 , . . . ,ψik}, (11)

i.e. the coefficients {ψi1 ,ψi2 . . . ,ψik} are allowed to vary
freely.

Now, the hypothesis we would really like to test is that
one or more of the ψi differ from GR, without specifying
which. This corresponds to a logical ‘or’ of the above
hypotheses:

HmodGR =
�

i1<i2<...<ik

Hi1i2...ik . (12)

Our aim is to compute the following odds ratio:

OmodGR
GR ≡ P (HmodGR|d, I)

P (HGR|d, I)
. (13)

However, the hypothesis (12) is not what model wave-
forms with one or more free coefficients ψi will test;
rather, such waveforms test the hypotheses Hi1i2...ik
themselves. What we will need to do is to break up the

δχA = −2.2 (20)

if Hi =
�

m

Hm and P (Hml and Hmk) = 0 for any ml,mk ∈ m (21)

HmodGR = not HGR (22)

2

ψ0 =
3

128η
(1)

ψ1 = 0 (2)

ψ2 = (3)

ψi(M, η) (4)

Hi (5)

HGR = H0 and H1 and H2 and . . . ≡
7�

i=0

Hi (6)

ψmodGR
i �= ψi(M, η) (7)

HmodGR = (not H0) or (not H1) or (not H2) or . . . ≡
7�

i=0

¬Hi (8)

if A and B are disjoint P (A or B) = P (A) + P (B) (9)

δχi ∈ [−0.25, 0.25] (10)

δχi = 0 (11)

δχ1 ∈ [−0.25, 0.25], δχi �=1 = 0 (12)

δχ2 ∈ [−0.25, 0.25], δχi �=2 = 0 (13)

δχ1 ∈ [−0.25, 0.25], δχ2 ∈ [−0.25, 0.25], δχi �=1,2 = 0 (14)

δχ3 = 0.1 (15)

ψ1 ψ2 ψ3 (16)

OX,Y =
P (X|I)

P (Y |I)

N�

k=1

B
(k)
X,Y (17)

OX,Y =
�

i∈m

P (Xi|I)

P (Y |I)
Bi,Y (18)

Oi,j =
�

i∈m

P (Xi|I)

P (Y |I)

N�

k=1

B
(k)
i,Y (19)

1



  Our	
  purpose	
  is	
  to	
  develop	
  a	
  pipeline	
  able	
  to	
  
discriminate	
  between	
  the	
  two	
  
aforementioned	
  hypotheses	
  

  The	
  natural	
  framework	
  in	
  which	
  carry	
  out	
  
such	
  program	
  is	
  Bayesian	
  Inference	
  	
  



  To	
  “rank”	
  two	
  competing	
  hypotheses	
  we	
  use	
  
the	
  odds	
  ratio:	
  

  and:	
   prior	
  odds	
  

Bayes’	
  factor	
  

δχA = −2.2 (20)

if Hi =
�

m

Hm and P (Hml and Hmk) = 0 for any ml,mk ∈ m (21)

HmodGR = not HGR (22)

ψi(M, η) = M
−5/3

gi(η)(πMη−3/5)(i−5)/3 (23)

OX,Y =
P (X|D, I)

P (Y |D, I)
=

P (X|I)

P (Y |I)

P (D|X, I)

P (D|Y, I)
(24)

=
P (X|I)

P (Y |I)
BX,Y (25)

2

if X =
�

i

Xi and P (Xk and Xj) = 0 for any k, j ∈ i (21)

HmodGR = not HGR (22)

ψi(M, η) = M
−5/3

gi(η)(πMη−3/5)(i−5)/3 (23)

OX,Y =
P (X|D, I)

P (Y |D, I)
=

P (X|I)

P (Y |I)

P (D|X, I)

P (D|Y, I)
(24)

=
P (X|I)

P (Y |I)
BX,Y (25)

P (D|X, I) ≡ L(X) =

�
d�λP (�λ|I)P (D|�λ, X, I) (26)

Ψ(M, η; f) = 2πf − ϕc −
π

4
+

7�

i=0

�
ψi + ψ(l)

i ln f
�
f
(i−5)/3 (27)

∈ (28)

2

marginalised	
  	
  
likelihood	
  



  The	
  odds	
  ratio	
  can	
  be	
  generalised	
  to	
  
consider:	
  

  arbitrary	
  number	
  of	
  disjoint	
  hypotheses	
  

  arbitrary	
  number	
  of	
  sources	
  

  both	
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  can	
  write:	
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obtain

P (Hi|d, I) =
P (Hi|I)P (d|Hi, I)

P (d|I)
, (5)

where P (Hi|d, I) is the posterior probability of the hy-
pothesis Hi given the data, P (Hi|I) is the prior proba-
bility of the hypothesis, and P (d|Hi, I) is the marginal
likelihood or evidence for Hi, which can be written as:

P (d|Hi, I) = L(Hi)

=

�
d�θ p(�θ|Hi, I) p(d|�θ,Hi, I) . (6)

In the above expression, p(�θ|Hi, I) is the prior probabil-
ity density of the unknown parameter vector �θ within the
model corresponding to Hi, and p(d|�θ,Hi, I) is the like-
lihood function of the observation d, assuming a given
value of the parameters �θ and the model Hi.

If we want to compare different hypotheses Hi, Hj

in light of the observations made, we can compute the
relative posterior probabilities, which is known as the
odds ratio:

Oi,j =
P (Hi|d, I)

P (Hj |d, I)

=
P (Hi|I)

P (Hj |I)

P (d|Hi, I)

P (d|Hj , I)

=
P (Hi|I)

P (Hj |I)
Bi,j , (7)

where P (Hj |I)/P (Hi|I) is the prior odds of the two hy-
potheses, the confidence we assign to the models before
any observation, and Bi,j is the Bayes factor.

In addition to computing the relative probabilities of
different models, one usually wants to make inference
on the unknown parameters, and therefore one needs to
compute the joint posterior probability density function
(PDF)

p(�θ|d,Hi, I) =
p(�θ|Hi, I)p(d|�θ,Hi, I)

p(d|Hi, I)
. (8)

From the previous expression it is simple to compute the
marginalised PDF on any given parameter, say θ1 within
a given model Hi:

p(θ1|d,Hi, I) =

�
dθ2 . . .

�
dθN p(�θ|d,Hi, I) . (9)

The key quantities for Bayesian inference in Eq. (7), (8)
and (9) can be efficiently computed using e.g. a nested
sampling algorithm [63]. The basic idea of nested sam-
pling is to use a collection of n objects, called live points,
randomly sampled from the prior distributions, but sub-
ject to a constraint over the value of their likelihood. A
live point �ξ is a point in the multidimensional parame-
ter space. At each iteration, the live point �ξ∗ having the

lowest likelihood L(�ξ∗) is replaced with a new point �ξ
sampled from the prior distribution. To be accepted, the
new point must obey to the condition

L(�ξ) > L(�ξ∗) . (10)
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Given that we have no knowledge of which coeffi-
cient(s) might deviate from the GR values, we want to
test the hypothesis that at least one of them is different.
Let us first introduce some notation. We define hypothe-
ses Hi1i2...ik as follows:
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{�θ,ψi1 ,ψi2 , . . . ,ψik}, (11)

i.e. the coefficients {ψi1 ,ψi2 . . . ,ψik} are allowed to vary
freely.

Now, the hypothesis we would really like to test is that
one or more of the ψi differ from GR, without specifying
which. This corresponds to a logical ‘or’ of the above
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HmodGR =
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Hi1i2...ik . (12)

Our aim is to compute the following odds ratio:

OmodGR
GR ≡ P (HmodGR|d, I)

P (HGR|d, I)
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However, the hypothesis (12) is not what model wave-
forms with one or more free coefficients ψi will test;
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themselves. What we will need to do is to break up the
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L(�ξ) > L(�ξ∗) . (10)

The above condition ensures that regions of progressively
increasing likelihood are explored, and the evidence in-
tegral, Eq. (6), is calculated using those points as the
computation progresses. In this paper we use a spe-
cific implementation of this technique that was developed
for ground-based observations of coalescing binaries by
Veitch and Vecchio; we point the interested reader to
[64–68] for technical details.

B. Basic method for a single source

Given that we have no knowledge of which coeffi-
cient(s) might deviate from the GR values, we want to
test the hypothesis that at least one of them is different.
Let us first introduce some notation. We define hypothe-
ses Hi1i2...ik as follows:

Hi1i2...ik is the hypothesis that the phasing
coefficients ψi1 , . . . ,ψik do not have the func-
tional dependence on (M, η) as predicted by
General Relativity, but all other coefficients
ψj , j /∈ {i1, i2, . . . , ik} do have the depen-
dence as in GR.

Thus, for example, H12 is the hypothesis that ψ1 and ψ2

deviate from their GR values, with all other coefficients
being as in GR. With each of the hypotheses above, we
can associate a waveform model that can be used to test
it. Let �θ = {M, η, . . .} be the parameters occurring in
the GR waveform. ThenHi1i2...ik is tested by a waveform
in which the independent parameters are

{�θ,ψi1 ,ψi2 , . . . ,ψik}, (11)

i.e. the coefficients {ψi1 ,ψi2 . . . ,ψik} are allowed to vary
freely.

Now, the hypothesis we would really like to test is that
one or more of the ψi differ from GR, without specifying
which. This corresponds to a logical ‘or’ of the above
hypotheses:

HmodGR =
�

i1<i2<...<ik

Hi1i2...ik . (12)

Our aim is to compute the following odds ratio:

OmodGR
GR ≡ P (HmodGR|d, I)

P (HGR|d, I)
. (13)

However, the hypothesis (12) is not what model wave-
forms with one or more free coefficients ψi will test;
rather, such waveforms test the hypotheses Hi1i2...ik
themselves. What we will need to do is to break up the
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obtain
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P (Hi|I)P (d|Hi, I)
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, (5)
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bility of the hypothesis, and P (d|Hi, I) is the marginal
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P (Hj |I)
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P (Hi|I)

P (Hj |I)
Bi,j , (7)
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one or more of the ψi differ from GR, without specifying
which. This corresponds to a logical ‘or’ of the above
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logical ‘or’ in HmodGR into the component hypotheses

Hi1i2...ik . Fortunately, this is trivial.

Before treating the problem more generally, let us con-

sider a simple example. Imagine that only two coeffi-

cients ψ1 and ψ2 are being used for the testing of GR.

Then

HmodGR = H1 ∨H2 ∨H12. (14)

In this example, the odds ratio of interest can then be

written as

(2)OmodGR
GR ≡ P (H1 ∨H2 ∨H12|d, I)

P (HGR|d, I)
, (15)

where the superscript (2) reminds us that only two of the

parameters are being used for testing.

An important observation is that the hypotheses H1,

H2, H12 are logically disjoint : the ‘and’ of any two of

them is always false. Indeed, in H1, ψ2 takes the value

predicted by GR, but in H2 it differs from the GR value,

as it does inH12. Similarly, inH2, ψ1 takes the GR value,

but in H1 it differs from the GR value, and the same in

H12. More generally, any two hypotheses Hi1i2...ik and

Hj1j2...jl with {i1, i2, . . . , ik} �= {j1, j2, . . . , jl} are logi-

cally disjoint. This means that the odds ratio is simply

(2)OmodGR
GR =

P (H1|d, I)

P (HGR|d, I)
+

P (H2|d, I)

P (HGR|d, I)
+

P (H12|d, I)

P (HGR|d, I)
. (16)

Using Bayes’ theorem, this can be written as

(2)OmodGR
GR =

P (H1|I)

P (HGR|I)
B1

GR +
P (H2|I)

P (HGR|I)
B2

GR +
P (H12|I)

P (HGR|I)
B12

GR. (17)

Here B1
GR, B

2
GR, B

3
GR are the Bayes factors

B1
GR =

P (d|H1, I)

P (d|HGR, I)
,

B2
GR =

P (d|H2, I)

P (d|HGR, I)
,

B12
GR =

P (d|H12, I)

P (d|HGR, I)
, (18)

and P (H1|I)/P (HGR|I), P (H2|I)/P (HGR|I),

P (H12|I)/P (HGR|I) are ratios of prior odds.

In practice, we will write the test coefficients as

ψi = ψGR
i (M, η) [1 + δχi] , (19)

with ψGR
i (M, η) the functional form of the dependence

of ψi on (M, η) according to GR, and the dimensionless

δχi is a fractional shift in ψi. Note that in GR, the

0.5PN contribution is identically zero; it will be treated

separately, as explained in section IV. In the example of

this subsection, one can assume that ψ1, ψ2 are any of

the PN coefficients other than the 0.5PN one. With the

above notation, the Bayes factors (18) are

B1
GR =

�
d�θ dδχ1

{1}π(δχ1)π(�θ) p(d|�θ, δχ1, H1, I)�
d�θ π(�θ) p(d|�θ,HGR, I)

,

B2
GR =

�
d�θ dδχ2

{2}π(δχ2)π(�θ) p(d|�θ, δχ2, H2, I)�
d�θ π(�θ) p(d|�θ,HGR, I)

,

B12
GR =

�
d�θ dδχ1 dδχ2

{12}π(δχ1, δχ2)π(�θ) p(d|�θ, δχ1, δχ2, H12, I)�
d�θ π(�θ) p(d|�θ,HGR, I)

. (20)

Here
{1}π(δχ1),

{2}π(δχ2),
{12}π(δχ1, δχ2) are priors for,

respectively, δχ1, δχ2, and the pair (δχ1, δχ2). We choose

these to be constant functions in the relevant parameter

ψ0 =
3

128η
(1)

ψ1 = 0 (2)

ψi(M, η) (3)

Hi (4)

HGR = H0 and H1 and H2 and . . . ≡
7�

i=0

Hi (5)

ψmodGR
i �= ψi(M, η) (6)

HmodGR = not H0 or not H1 or not H2 or not . . . ≡
7�

i=0

¬Hi (7)

if A and B are disjoint P (A or B) = P (A) + P (B) (8)

δχi ∈ [−0.25, 0.25] (9)
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  bare	
  odds	
  ratio	
  
may	
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  for	
  a	
  
claim	
  
  We	
  use	
  GR	
  injections	
  to	
  
compute	
  a	
  background	
  
distribution	
  of	
  odds	
  ratio	
  

  When	
  analysing	
  non-­‐GR	
  
injections	
  we	
  compare	
  
with	
  the	
  background	
  to	
  
assess	
  the	
  “efficiency”	
  	
  



 We	
  performed	
  experiments	
  injecting	
  a	
  variety	
  
of	
  modGR	
  signals	
  in	
  simulated	
  data	
  from	
  a	
  
network	
  of	
  2	
  Advanced	
  LIGO	
  and	
  Advanced	
  
Virgo	
  	
  

  BNS	
  sources:	
  
  uniform	
  in	
  sky	
  position	
  and	
  orientation	
  	
  
  distances	
  	
  	
  	
  	
  [100,400]	
  Mpc	
  	
  
 masses	
  	
  	
  	
  	
  [1,2]	
  Msun	
  

  Tested	
  three	
  coefficients:	
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  The	
  pipeline	
  is	
  able	
  to	
  detect	
  deviations	
  in	
  
one	
  of	
  the	
  PN	
  coefficients	
  

  It	
  cannot	
  pinpoint	
  the	
  nature	
  of	
  the	
  deviation	
  
  Can	
  it	
  detect	
  “arbitrary”	
  (non-­‐PN)	
  deviations?	
  
 We	
  performed	
  an	
  experiment	
  injecting	
  
signals	
  with	
  non-­‐PN	
  phase	
  deviations:	
  	
  

  Effective	
  PN	
  order	
  varies	
  with	
  mass,	
  between	
  
0.5PN	
  and	
  1.5PN	
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theory is correct, viz P (OmodGR
GR |κ,Halt, I). By direct

comparison of the foreground with the background, one
can infer the how likely it is that a specific alternative
theory can cause a deviation that is greater than noise
induced deviations.

F. Implementation

A few remarks have to be made regarding the imple-
mentation of the aforementioned method. First, the im-
plementation of the varying of the phase coefficients was
parameterised in the following fashion:

ψi = ψGR
i (M, η) [1 + δχi] , (19)

with ψGR
i (M, η) being the functional form of the depen-

dence of ψi on (M, η) according to GR, and the dimen-
sionless δχi is a fractional shift in ψi. The 0.5PN case
however cannot be implemented in a similar fashion as
GR predicts ψGR

1 = 0. Instead, deviations from the ψGR
1

are modelled as

ψGR
1 (M, η) = 0 → M−5/3(πM η−3/5)−4/3δχ1 (20)

and the interpretation of a fractional shift is not ade-
quate. Rather, δχ1 is related to the magnitude of the
deviation itself.

For the computation of the odds ratio defined in Eq.
(16) and Eq. (17), one needs to compute the relevant
Bayes factors via the evidences. In high-dimensional
problems, brute force methods to calculate the integral
in Eq. (4) are computationally too expensive. One can,
however, make use of more efficient methods to make
this calculation computationally feasible. In this paper,
we resort to an algorithm called Nested Sampling. More
specifically, an implementation tailored to ground based
observations of coalescing binaries by Veitch and Vecchio
(ref) was used.

Both the model waveforms and the Nested Sampling
algorithm were appropriately adapted from existing code
in the LIGO Algorithms Library [31].

III. RESULTS

In this section, we want to lend further support to the
claim in [29] that the method is in principle sensitive
to deviations that are not considered within the model
waveforms, as long as the phase shift at f ∼ 150 Hz,
where the detectors are the most sensitive, is comparable
to, say, a shift of δχ3 ∼ (a few)×10−2. To this end we use
two heuristic examples where the change in phase of the
signals cannot be accomodated by the model waveforms,
yet the deviation from GR turns out to be detectable.

The first example, in subsection IIIA, considers an ad-
ditional term in the phase associated with a power of
frequency which itself depends on the total mass of the
system. This power is chosen in such a way that within

the range of total masses we consider, the frequency de-
pendence of the anomalous contributions varies from ef-
fectively being 0.5PN at the lower end to 1.5PN at the
higher end. Clearly, our model waveforms are in no way
designed to capture such a deviation from GR. The sec-
ond case, in subsection III B, considers a deviation at a
PN order (2PN) that is higher than the orders at which
we allow phase coefficients to vary (0.5PN, 1PN, and
1.5PN).
After presenting the main results, we study the effects

of the number of detected sources on our confidence in
a deviation from GR. For this investigation we use the
example in subsection III B.
For both examples, the aim is to simulate the situation

at Advanced Virgo and LIGO as realistically as possible.
We have therefore chosen to simulate an advanced detec-
tor network with detectors at Hanford and Livingston,
both with the Advanced LIGO noise curve, and a detec-
tor at Cascina with the Advanced Virgo noise curve. The
signals were chosen to originate from neutron stars with
masses between 1M⊙ and 2M⊙. Furthermore, the events
were placed between 100 Mpc and 400 Mpc to reflect the
estimates of the number of detectable sources and the
appropriate horizon distance. A network SNR lower cut-
off of 8 was imposed as to be consistent the LIGO/Virgo
minimum for an event to be claimed as detected.
The waveforms were chosen to go up to 2PN in phase

both for the injected signals and the model waveforms.
The test coefficients were chosen to be ψ1, ψ2 and ψ3,
so that the hypothesis HmodGR contains 2NT − 1 = 7
logically disjoint subhypotheses.
The priors given to the deviations δχi were taken to

be flat and centered around zero, with a total width of
0.5. The priors on the remaining parameters were chosen
to be the same as in [32], with the exception that the
distance is allowed to go up to 1000 Mpc.
It should be stressed that the choice of waveform ap-

proximant, test coefficients, and priors on the deviations
were, to a large extent, arbitrary. In the advanced detec-
tor era, one would seek to perform the most general test
that computational resources will allow. This will include
the most accurate waveforms available at that time, the
highest number of test coefficients one can handle, and
the least restrictive priors that are in accordance with
our prior information at that moment.

A. A deviation with a mass dependent power of
frequency

In our first example, the signals are given a deviation
in the phase that has a mass dependent frequency power.
To be more precise, the deviation is of the form:

ΨGR(M, η; f) → ΨGR(M, η; f)+
3

128η
(πMf)−2+M/(3M⊙),

(21)
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 When	
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  GW	
  probe	
  the	
  strong	
  field	
  dynamics	
  of	
  GR	
  	
  	
  
  Developed	
  a	
  pipeline	
  for	
  the	
  detection	
  of	
  deviations	
  from	
  

GR:	
  
  detect	
  “arbitrary”	
  deviations	
  from	
  GR	
  
  constrain	
  GR	
  well	
  beyond	
  binary	
  pulsar	
  

  Our	
  method	
  does	
  not	
  pinpoint	
  the	
  nature	
  of	
  the	
  deviation	
  
  complement	
  with	
  other	
  approaches	
  (e.g.,	
  ppE)	
  

  Need	
  to	
  use	
  more	
  realistic	
  waveforms:	
  
  spins	
  
  higher	
  harmonics	
  
  …	
  

  For	
  more	
  details:	
  	
  
  Li	
  et	
  al,	
  arXiv:1110.0530,	
  arXiv:1111.5274	
  









  Consider	
  the	
  case	
  in	
  which	
  we	
  want	
  to	
  test	
  	
  
only	
  2	
  coefficients:	
  

  the	
  odds	
  ratio	
  is:	
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logical ‘or’ in HmodGR into the component hypotheses

Hi1i2...ik . Fortunately, this is trivial.

Before treating the problem more generally, let us con-

sider a simple example. Imagine that only two coeffi-

cients ψ1 and ψ2 are being used for the testing of GR.

Then

HmodGR = H1 ∨H2 ∨H12. (14)

In this example, the odds ratio of interest can then be

written as

(2)OmodGR
GR ≡ P (H1 ∨H2 ∨H12|d, I)

P (HGR|d, I)
, (15)

where the superscript (2) reminds us that only two of the

parameters are being used for testing.

An important observation is that the hypotheses H1,

H2, H12 are logically disjoint : the ‘and’ of any two of

them is always false. Indeed, in H1, ψ2 takes the value

predicted by GR, but in H2 it differs from the GR value,

as it does inH12. Similarly, inH2, ψ1 takes the GR value,

but in H1 it differs from the GR value, and the same in

H12. More generally, any two hypotheses Hi1i2...ik and

Hj1j2...jl with {i1, i2, . . . , ik} �= {j1, j2, . . . , jl} are logi-

cally disjoint. This means that the odds ratio is simply

(2)OmodGR
GR =

P (H1|d, I)

P (HGR|d, I)
+

P (H2|d, I)

P (HGR|d, I)
+

P (H12|d, I)

P (HGR|d, I)
. (16)

Using Bayes’ theorem, this can be written as

(2)OmodGR
GR =

P (H1|I)

P (HGR|I)
B1

GR +
P (H2|I)

P (HGR|I)
B2

GR +
P (H12|I)

P (HGR|I)
B12

GR. (17)

Here B1
GR, B

2
GR, B

3
GR are the Bayes factors

B1
GR =

P (d|H1, I)

P (d|HGR, I)
,

B2
GR =

P (d|H2, I)

P (d|HGR, I)
,

B12
GR =

P (d|H12, I)

P (d|HGR, I)
, (18)

and P (H1|I)/P (HGR|I), P (H2|I)/P (HGR|I),

P (H12|I)/P (HGR|I) are ratios of prior odds.

In practice, we will write the test coefficients as

ψi = ψGR
i (M, η) [1 + δχi] , (19)

with ψGR
i (M, η) the functional form of the dependence

of ψi on (M, η) according to GR, and the dimensionless

δχi is a fractional shift in ψi. Note that in GR, the

0.5PN contribution is identically zero; it will be treated

separately, as explained in section IV. In the example of

this subsection, one can assume that ψ1, ψ2 are any of

the PN coefficients other than the 0.5PN one. With the

above notation, the Bayes factors (18) are

B1
GR =

�
d�θ dδχ1

{1}π(δχ1)π(�θ) p(d|�θ, δχ1, H1, I)�
d�θ π(�θ) p(d|�θ,HGR, I)

,

B2
GR =

�
d�θ dδχ2

{2}π(δχ2)π(�θ) p(d|�θ, δχ2, H2, I)�
d�θ π(�θ) p(d|�θ,HGR, I)

,

B12
GR =

�
d�θ dδχ1 dδχ2

{12}π(δχ1, δχ2)π(�θ) p(d|�θ, δχ1, δχ2, H12, I)�
d�θ π(�θ) p(d|�θ,HGR, I)

. (20)

Here
{1}π(δχ1),

{2}π(δχ2),
{12}π(δχ1, δχ2) are priors for,

respectively, δχ1, δχ2, and the pair (δχ1, δχ2). We choose

these to be constant functions in the relevant parameter
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above notation, the Bayes factors (18) are

B1
GR =

�
d�θ dδχ1

{1}π(δχ1)π(�θ) p(d|�θ, δχ1, H1, I)�
d�θ π(�θ) p(d|�θ,HGR, I)

,

B2
GR =

�
d�θ dδχ2
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d�θ π(�θ) p(d|�θ,HGR, I)
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�
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. (20)

Here
{1}π(δχ1),

{2}π(δχ2),
{12}π(δχ1, δχ2) are priors for,

respectively, δχ1, δχ2, and the pair (δχ1, δχ2). We choose

these to be constant functions in the relevant parameter

6
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2
GR, B

3
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In this case, we set

P (HmodGR|I)
P (HGR|I)

= α. (32)

The equality (32), together with (31) and the logical dis-

jointness of the 2NT − 1 hypotheses Hi1...ik implies

P (Hi1i2...ik |I)
P (HGR|I)

=
α

2NT − 1
. (33)

In terms of the Hi1i2...ik , the odds ratio can then be writ-

ten as

(NT )OmodGR
GR =

α

2NT − 1

NT�

k=1

�

i1<i2<...<ik

Bi1i2...ik
GR . (34)

Analogously to (20), we will use priors on the parameters

δχi

{i1i2...ik}π(δχi1 , δχi2 , . . . , δχik) (35)

which are constant within some large box centered on the

origin.

D. Combining information from multiple sources

Although the detection rate for binary neutron star is

still rather uncertain, we expect advanced instruments to

detect several events per year [15]. It is therefore impor-

tant to take advantage of multiple detections to provide

tighter constraints on the validity of GR. Consider a set

of N independent GW events, corresponding to N inde-

pendent data sets dA. We do not assume that deviations

from GR are necessarily consistent between events, but

rather that they can vary from source to source. Let us

consider a set of N independent GW events, correspond-

ing to N independent data sets dA. We assume there

is a common underlying theory of gravity that describes

emission of gravitational waves from the sources that are

observed, but that the actual values of the parameters

(in this case the ψi) can vary from source to source. One

can write down a combined odds ratio for the catalog of

sources:

(NT )OmodGR
GR

=
P (HmodGR|d1, . . . , dN , I)

P (HGR|d1, . . . , dN , I)

=

�NT

k=1

�
i1<i2<...<ik

P (Hi1i2...ik |d1, . . . , dN , I)

P (HGR|d1, . . . , dN , I)

=

NT�

k=1

�

i1<i2<...<ik

P (Hi1i2...ik |I)
P (HGR|I)

(cat)Bi1i2...ik
GR , (36)

where

(cat)Bi1i2...ik
GR =

P (d1, . . . , dN |Hi1i2...ik , I)

P (d1, . . . , dN |HGR, I)
. (37)

Since the events d1, . . . , dN are all independent, one has

P (d1, . . . , dN |Hi1i2...ik , I) =

N�

A=1

P (dA|Hi1i2...ik , I),

P (d1, . . . , dN |HGR, I) =

N�

A=1

P (dA|HGR, I). (38)

Thus,

(cat)Bi1i2...ik
GR =

N�

A=1

(A)Bi1i2...ik
GR , (39)

with

(A)Bi1i2...ik
GR =

P (dA|Hi1i2...ik , I)

P (dA|HGR, I)
. (40)

To evaluate the combined odds ratio of the catalog we

chose to invoke indifference (as in Eq. (23)) and set the

individual prior odds ratios equal to each other, so that

P (Hi1i2...ik |I)
P (HGR|I)

=
α

2NT − 1
. (41)

Together with Eqns. (36), (39), this leads to

(NT )OmodGR
GR =

α

2NT − 1

NT�

k=1

�

i1<i2<...<ik

N�

A=1

(A)Bi1i2...ik
GR ,

(42)

which, up to an overall prefactor, amounts to taking the

average of the cumulative Bayes factors (39).

Alternatively, one may prefer not to make any assump-

tions for the prior odds ratios P (Hi1i2...ik |I)/P (HGR|I)
at all, and focus on the cumulative Bayes factors
(cat)Bi1i2...ik

GR separately and individually. It will also be

of interest to look at the cumulative Bayes factors for the

various hypotheses Hi1i2...ik and HGR against the noise-

only hypothesis Hnoise:

�

A

(A)Bi1i2...ik
noise =

�

A

P (dA|Hi1i2...ik , I)

P (dA|Hnoise, I)
,

�

A

(A)BGR
noise =

�

A

P (dA|HGR, I)

P (dA|Hnoise, I)
, (43)

and we note that

(cat)Bi1i2...ik
GR =

�
A

(A)Bi1i2...ik
noise�

A�
(A�)BGR

noise

. (44)

Finally, we will also look at the individual contributions
(A)Bi1i2...ik

noise and (A)BGR
noise, for A = 1, 2, . . . ,N .

IV. RESULTS

To illustrate the method, we construct catalogs of 15

binary neutron star sources, distributed uniformly in vol-

ume, with arbitrary sky positions and orientations, and
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  affect	
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  Bayes’	
  
factor	
  significantly	
  (Vitale	
  et	
  al,	
  2011)	
  



  GR	
  templates	
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  still	
  detect	
  modGR	
  signals	
  



  But	
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  significant	
  bias	
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  introduced	
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  et	
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  Cornish	
  et	
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(2011)	
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