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Newtonian binaries

and its third time derivative reads
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Taking the square and using the result (118) we find upon inserting the correct factors of
c from dimensional analysis
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c5r5
. (122)

We can express this numerically by relating it to the radiation of two solar masses at a
distance of 1 A.U. = 1.50× 1011 m. The result is

Wrad = 0.43× 1014
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In the same units, the frequency is given by
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ω

2π
= 0.4× 10−7
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Finally, the average flux per square meter measured at a distance R expressed in parsecs
( 1 pc = 3.1× 1016 m), is

Φ =
Wrad

4πR2

= 0.3× 10−20
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(125)

Of course, the real flux depends on the orientation of the line of sight with respect to the
plane of the orbit. Nevertheless, for ordinary binary stars of solar size and at galactic
distances both the frequency and the intensity of the radiation are clearly very low.

17

Sunday, February 12, 2012



3

M >> m:   extreme mass ratio binary

Schwarzschild geometry
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Gravitational waves

Fluctuating space-time geometry:Einstein equations

Gµν = Rµν −
1

2
gµνR = −κ2Tµν, κ2 = 8πG.

Background field equations

gµν = ḡµν + 2κhµν,

and

Gµν = Ḡµν + κ
�
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Einstein equations:Empty background space-time: Ḡµν = 0

gauge condition: D̄λh̃λµ = 0

→ D̄2 h̃µν − 2R̄ λ
µκν h̃κ

λ = −κ Tµν

E.g., Schwarzschild or Kerr geometry as background

Empty background space-time: Ḡµν = 0

gauge condition: D̄λh̃λµ = 0

→ D̄2 h̃µν − 2R̄ λ
µκν h̃κ

λ = −κ Tµν

E.g., Schwarzschild or Kerr geometry as background

geometry of 
background

Gravitational waves distribution of mass 
and momentum
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2 transverse polarization statesZerilli-Moncrief and Regge-Wheeler equations for physical
polarization states:
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Zerilli-Moncrief and Regge-Wheeler:

in section 1.6, can be interpreted as the energy-momentum tensor TGW
µν belonging to the

gravitational wave hµν . Thus, Eq. (1.44) applies, and the energy momentum tensor of the
gravitational wave is given by

TGW
µν =

1

64π
< Dµh

αβDνhαβ >, (3.18)

in which the brackets denote an average over a region of spacetime large compared to the
wavelength of the gravitational radiation. This expression allows for the calculation of
the change dE/dt ≡ P in energy as well as the change dL/dt ≡ L̇ in angular momentum
of a gravitational wave. Expressed in terms of the Zerilli-Moncrief and Regge-Wheeler
functions, the power at spatial infinity is given by [32]:

P =
1

32π

�

lm
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ZM |2 + 4|Ψlm
RW |2

�
, (3.19)

in which the overdot denotes a derivative with respect to Schwarzschild time, i.e. the time
as measured by a stationary observer at spatial infinity. The change in angular momentum
is found to be:

dL

dt
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128π
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in which c.c. denotes the complex conjugate.

3.3 The Lousto-Price algorithm

3.3.1 Outline of the algorithm

The equations of motion Eqs. (3.9) and (3.10) for Ψlm
ZM and Ψlm

RW are notoriously difficult
to solve analytically for general orbits. Although strides have been made [38] to do so and
the current context only demands a solution for the case of a circular orbit plus geodesic
deviation, at the present time they will be solved numerically. This is done by following
the Lousto-Price algorithm presented in [39] and which was also used in [32], [33] (though
other numerical methods are equally effective [40], [41] ).
In brief, the Lousto-Price algorithm divides up a two-dimensional spacetime in cells of some
user-defined size ∆ (the exact definition of which will be stated momentarily). Each cell
typically has a number of corners that correspond to spacetime pairs (t, r), at which the
function Ψlm

ZM,RW takes on particular values. These values are calculated by a discretized
version of the wave equations, Eqs. (3.14), which connects the value of the wave Ψlm

ZM,RW at
one corner to those at the other corners. Thus, by supplying the values of Ψlm

ZM,RW for some
initial set of grid points (physically, this denotes supplying some initial gravitational wave
at, e.g. t = 0 ), the Lousto-Price algorithm allows the iterative calculation of the values of
Ψlm

ZM,RW at other grid points of interest. Listing all values at some fixed spatial position
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Sources: orbiting mass

Geodesics 
(free fall)

General Relativity

· Space-time curvature determined by distribution of energy and
momentum:

Gµν ≡ Rµν −
1

2
gµνR = −8πG Tµν, DµTµν = 0.

· Motion of test masses determined by space-time geometry:

D2xµ

Dτ2 ≡
d2xµ

dτ2 + Γ µ
λν

dxλ

dτ

dxν

dτ
= 0

with connection

Γ µ
λν =

1

2
gµκ (∂λgνκ + ∂νgλκ − ∂κgλν)

Follows from metric postulate Dλgµν = 0.

A. Exact solutions:

- straight plunge

Straight plunge

· Observe quasi-normal ringing effect
· For neutron star pluging into galactic center:

h � 10−17, f � 10−3 Hz.

m/M = 0.5 x 10-5

neutron star falling into 
galactic black hole:        
f ~ 10-3  Hz                 
h ~ 10-17  
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- circular orbits

Circular orbits in equatorial plane

r = R = constant, θ =
π

2
= constant,

t =
τ
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.
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B. Non-circular orbits:
expand in eccentricity

A Geodesics in Schwarzschild space-time

In this appendix we collect some well-known result about Schwarzschild geometry which are
relevant for the results derived and discussed in the main text. We describe the static and
spherically symmetric exterior geometry of Schwarzschild space-time in terms of the standard
Schwarzschild-Droste co-ordinates (in units in which c = G = 1):

dτ2 =
�
1− 2M

r

�
dt2 − dr2

1− 2M
r

− r2
�
dθ2 + sin2 θ dϕ2

�
. (90)

Considering geodesics in the equatorial plane θ = π/2, there are two constants of motion
representing the energy and angular momentum per unit of mass:

ε =
�
1− 2M

r

�
dt

dτ
, � = r2

dϕ

dτ
. (91)

Using eq. (90) the radial motion is then described by the equations

�
dr

dτ

�2
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��

1 +
�2

r2

�

,
d2r

dτ2
= −M

r2
+

�2

r3

�
1− 6M

r

�
. (92)

It is not possible to solve the general equation for r(τ), except in special cases like circular or-
bits. However, one can exchange the proper time dependence for azimuth angular dependence
by using the second equation (91), and determine r(ϕ) from

�2
�

d

dϕ

1

r

�2

= ε2 −
�
1− 2M

r

��

1 +
�2

r2

�

. (93)

This equation has solutions in terms of elliptic integrals. On the other hand, the geodesic
deviation method allows to find approximate analytic solution for r(τ) itself starting from a
special solvable geodesic, such as the circular orbit.

Even though it does not produce explicit solutions for r(τ), the shape equation (93)
contains useful information. To extract this information, we introduce a new variable y [15]
such that

r =
a

1 + e cos y
, (94)

where the parameters (e, a) are implicitly given by

ε2 =
�
1− 2M

a

��

1 +
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+
e2�2

a2
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1− 6M

a

�
,

a2 − a�2

M
+ �2

�
3 + e2

�
= 0.

(95)

In the newtonian approximation e represents the eccentricity of the elliptic orbit, and (1−e2)a
is the length of the semi-major axis. Eq. (93) implies the full solution to satisfy

�
dy

dϕ

�2

= 1− 2M

a
(3 + e cos y) . (96)
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Wave forms

a = 10M,  e = 0.1,  m/M = 10-5

Re ZM Re RW
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Figure 4.1: Upper: The real (left) and imaginary (right) parts of the l = 2,m = 2 mode of the Zerilli-
Moncrief function as a function of Schwarzschild time t for the case of an orbit (a, e) = (100, 0.1). Lower:
The power (left) and time derivative of the angular momentum (right) emitted by this mode, as a function
of Schwarzschild time t. The observer is situated at r = 5000.

is extrinsic to the code as it stems from the fact that the sources of the Zerilli-Moncrief
and Regge-Wheeler differential equations are now themselves an approximation. In this
section, this inaccuracy will be investigated.
In order to do so, an orbit will be considered that is well studied in the literature and so can
be used to compare the epicycle results to those of purely numerical calculations. This orbit
is uniquely specified by the following values of the parameters (e, a): e = 0.1, a = 10M ,
where, as before, the mass M of the black hole will be taken to be 10 in some arbitrary
units. The average power and angular momentum for this orbit are known to a precision
of about nine decimal places. It is therefore well suited to be used as a test of the accuracy
of the gravitational waves as based on the epicycle expansion of the orbital functions.
The epicycle expansion of the orbit (e = 0.1, a = 100) was presented to first and to second
order in detail in section 2.7.1, where it was found to be an excellent approximation to the
real orbit: to second order the relative difference between the radial coordinate r and its
numerical counterpart was seen to be 0.05% at most, and the absolute difference between
the angular coordinate ϕ and its numerical counterpart was found to be 0.004 radians at

77

Figure 4.2: Upper: The real (left) and imaginary (right) parts of the l = 2,m = 1 mode of the Regge-
Wheeler function as a function of Schwarzschild time t for the case of an orbit (a, e) = (100, 0.1). Lower:
The power (left) and time derivative of the angular momentum (right) emitted by this mode, as a function
of Schwarzschild time t. The observer is situated at r = 5000.

and angular momentum emitted per unit time

< P > = 6.294 · 10−5

�
M

µ

�2

, < L̇ > = 1.949 · 10−3

�
M

µ2

�
, (4.8)

which are in good agreement with the values obtained by the purely numerical calculations
of [40], [41]:

< P > = 6.318 · 10−5

�
M

µ

�2

, < L̇ > = 1.953 · 10−3

�
M

µ2

�
, (4.9)

the relative differences being a mere 0.4% and 0.2%, respectively.
In making the plots and calculating the power and angular momentum, the cell size has
been chosen small enough for the power and angular momentum not to change anymore
when going to even smaller cell size. From this it can be concluded that the 0.4% and 0.2%
deviations found are solely due to the epicycle approximation. This is in good agreement
with the expectation.
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Power at r = 500 M

Loss of angular momentum
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Figure 4.6: Left: the evolution of the eccentricity e of the adiabatically related bound orbits, as explained
in the main text, as a function of Schwarzschild time t. The best linear fit of the data points is given by
e = 0.14925−0.001054 · t. Right: the evolution of the semi-major axis a of the adiabatically related bound
orbits, as explained in the main text, as a function of the Schwarzschild time t. The best exponential fit
of the data points is given by a = 135.05 − 14.25 · exp(0.0486 t). In both plots, the time t is measured in
units 1011 seconds.

of the semi-major axis proceeds more rapidly than the process of circularization should be
of little consequence on the accuracy of the expansion. Rather, the epicycle expansion is
expected to become increasingly accurate for successive orbits, and indeed this is seen to
be the case. To wit: the radial orbital function r becomes almost twice as accurate in the
course of the orbits considered. In contrast, the angular coordinate ϕ does not improve in
accuracy, but instead remains mostly fixed. An increase in angular accuracy was not to
be expected. This is because the second-order epicycle expansion allows for four boundary
conditions to restrict the orbital functions, two of which are needed to make sure succes-
sive periastra are reached in a given time interval and with a given value for the periastron
shift, leaving only two boundary conditions to restrict the orbital functions r and ϕ. In
the calculation presented, these remaining two boundary conditions were used to fix the
values of the radial positions of the periastron and apastron, which in practice also makes
the orbital function ϕ very accurate, but a priori does not guarantee that this accuracy
increases with decreasing eccentricity. Indeed, the table shows that the absolute difference
between the orbital function ϕ as calculated by the second-order epicycle expansion and
its purely numerically calculated counterpart, is around the value of 0.008 radians. For
almost all practical applications, this accuracy is excellent.
Finally, the fact that the semi-major axis decreases under influence of the emission of gravi-
tational waves suggests (for example by assuming the Peters-Mathews equation, Eq. (1.46),
to give reasonably accurate results in the Schwarzschild spacetime, as was quantitatively
demonstrated in section 4.3.2) that the emission of energy will increase exponentially. This
is indeed the case, and likewise so for the angular momentum, as can be seen in figure 4.7.
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Figure 4.7: Left: the evolution of the average power P of the adiabatically related bound orbits, as
explained in the main text, as a function of Schwarzschild time t. The best exponential fit of the data
points is given by P = 2.283 + 0.3766 · exp(0.1395 t), and P is given in units 10−15 (M/µ)2. Right: the
evolution of the average time derivative dL/dt of the adiabatically related bound orbits, as explained in
the main text, as a function of the Schwarzschild time t. The best exponential fit of the data points is
given by a = 0.8726 + 0.1536 · exp(0.1139 t), and dL/dt is given in units 10−12
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time t is measured in units 1011 seconds.

4.5 Summary

In this chapter, the methods developed throughout this thesis have been used to calcu-
late gravitational waves for bound eccentric orbits in an EMRI system. In chapter 2, the
epicycle expansion was used to obtain analytical expressions for the orbits in the time
domain, which then lead to analytical expressions for the sources of the Zerilli-Moncrief
and Regge-Wheeler differential equations; by using the methods of chapter 3, the two dif-
ferential equations were solved numerically.
A number of test cases were investigated first: by calculating the average power and an-
gular momentum emitted by an EMRI with a perfectly circular orbit and comparing the
outcomes to those stated in the literature, the correct working of the code was confirmed.
It was seen that the intrinsic numerical error could easily be made of the order of 0.1%
and smaller still. As the circular orbit can be calculated analytically without needing the
epicycle expansion, this error was concluded to be purely intrinsic to the code. Next, the
error due to the fact that the epicycle expansion is an approximation itself, was quantified.
This rule was tested by calculating the average power and angular momentum emitted by
an EMRI system for one specific well-known eccentric orbit. It was found that here too
the results agree well with those stated in the literature, with a relative difference of the
order of 0.1%; this was in agreement with the error estimate rule.
The methods were then used to straightforwardly calculate the gravitational waves for a
number of eccentric orbits that were not known in the literature, all of which have a total
error (i.e intrinsic and extrinsic) of the order of 0.1% to a percent. The results for the pow-
ers were compared to the ones obtained by using the Peters-Mathews equation, showing,
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