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The spectral energy distribution of the Low-Luminosity AGN M81. There is no obvious IR or

UV-bump as in quasars and the total luminosity of the central black hole is many orders of

magnitude lower (Ho 1999).
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Accretion Flows

Basic Equations

The accretion 
ow onto a black hole is governed by 4 basic equa-
tions: conservation of mass, radial momentum, angular momentum,
and energy. (Radial and angular momentum equations are the R
and � components of the angular momentum equation in cylindrical
coordinates). The gravitational �eld is assumed to be dominated by
a central point mass.

Mass Conservation:
d

dR
(�RHv) = 0 (1)

Note: H =disk scale height, �=density,�RHv / _m
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R2 is the gravitational force in R-direction, a = _vr = dv=dr � dr=dt = v0 � v

Angular Momentum Conservation (�):
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Note (previous lecture): 
R2 = speci�c angular momentum, �RHv / _m, torque = 2�R3��
0,

� = �csH , � = 2�H , H = Rcs=
K

Energy Equation:
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Note: s=speci�c entropy (ratio of the total energy of a system to its temperature per unit mass),

q+=energy generated by viscosity (prev. lecture), q�=energy loss due to radiative cooling, left

term= advected energy, f measures to which degree the 
ow is advection dominated.



Types of Accretion Flows

Regimes of Energy Equations
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One can for simplicity write the energy equation as:

qadv = q+ � q� (6)

We can identify three di�erent regimes according to the relative im-
portance of q�:

� q+ ' q� � qadv: Accretion 
ow is cooling dominated and there
is basically no advection. Examples are the standard thin disks
discussed previously (Shakura & Sunyaev 1973). Another solu-
tion: Shapiro, Lightman, Eardley (1976; SLE) - geometrically
thick, optically thin, two-temperature disk (the disk pu�s up
because radiation is ineÆcient but this solution may be unsta-
ble)

� qadv ' q+ � q�: This is called an advection-dominated accre-
tion 
ow (ADAF) since the viscous energy is stored in the gas
and advected into the black hole (Narayan & Yi 1994). This
also means that f � 1.

� �qadv ' q� � q+: This corresponds to a 
ow where energy
generation through viscous heating is negligible, but the entropy
of the in
owing gas is converted to radiation. Examples are
Bondi-Hoyle (spherical) accretion and cluster cooling 
ows.



ADAFs

Self-Similar Solutions

Assuming Newtonian gravity and that f is constant along the disk
(i.e. always close to unity) one can derive analytical approximations
to the structure of an ADAF from the above conservation equations.
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 is the ratio of speci�c heats of the gas (likely in the range 4/3
to 5/3 { corresponding to a radiation pressure{dominated and gas
pressure{dominated accretion 
ows, respectively), 0 � � � 1.
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� v; 
; cs have a power-law dependence on R and can be ex-
pressed in relation to \Keplerian values".

� For large � (�0.3) the in
ow is almost free-fall.

� Gas rotates sub-Keplerian (� = �csH and cs; H are much larger
than in standard disk!) and can even be non-rotating.

� The gas temperature is almost virial.

� The disk becomes thick: H � cs=
K � v�=
K � R.



ADAFs

Self-Similar Solutions

The self-similar solutions are height-integrated despite a thick disk
and are not matched to the boundary conditions at event horizon
and outer (thin?) disk. Nevertheless, global solutions (Narayan,
Kato, & Honma 1997 & Chen, Abramowicz & Lasota 1997) indicate
that the self-similar solutions are a good approximation outside the
boundary layers.
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Figure 1: left: Radial variation of the speci�c angular momentum, l, for (solid lines, from top to
bottom) � = 0.001, 0.003, 0.01, 0.03, 0.1, and 0.3. The dashed line shows the Keplerian speci�c
angular momentum, lK . Note that the low � solutions (0.001 and 0.003) are super-Keplerian
(l > lK) over a range of radii, whereas the solutions with larger � have l < lK for all radii.
right: Radial variation of the gas pressure for the same �. Note that the low � curves (the two
upper ones) have pressure maxima, associated with the super-Keplerian rotation shown in the
left panel (from Narayan et al. 1997a).

Figure 2: Isodensity contours (two contours per decade) in the R� z plane for a global ADAF
with � = 0:3, 
 = 1:4444 and f = 1. The contours are truncated at the sonic radius since the
vertical structure is unreliable inside this radius. (Taken from Narayan 1997).



ADAFs

Two-Temperature Assumption

Under which conditions can an ADAF solution (q+ � q�) be achieved?

Obviously the plasma needs to be radiatively ineÆcient.

Most of the radiation is done by electrons (free-free, synchrotron,
IC) and not protons.

) Postulate that viscous heating only heats protons (\ions"), such
that Tp � Te. Only a fraction Æ �

me

mp
of the viscous energy goes into

electrons.

Proton-Temperature:
The virial temperature near the black hole can be rather high, i.e.

kbTp <�

r
GMmp

c2 and for R = r
�
GM=c2

�
) Tp <�

mpc
2

rkb
' r�11013K.

Typically proton temperatures up to 1012K are reached, while elec-
tron temperatures at the inner radius reach some 109 K. The exact
temperature of the electrons is obtained by solving the energy equa-
tion for electrons taking synchrotron, inverse-Compton, and free-free
cooling and Coulomb heating into account.

Densities: Spherical approximation with constant mass infall at
free-fall (ignoring �):

) n =
_M

4�R2vrmp
= 1020cm�3

0
@ R

Rg

1
A�3=2

0
@ _M

_Medd

1
A
 
M�

M�

!�1
(12)

Note: v� � c=
p
R=Rg, Rg = GM=c2, _Medd = 2:2M�=yr for M� = 108M�.

Accretion time scale:

) tacc = R=v� = 5 � 10�6 sec
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ADAFs

Two-Temperature Assumption

Coulomb-Coupling:
The basic assumption for a two-temperature plasma is that the cou-
pling between protons and electrons is only due to Coulomb colli-
sions.

tcoul = 5:8� 1015 sec
 

ni
cm�3

!�1
(�e + �p)

3=2 (14)

(�p = kTp=mpc
2, and �e = kTe=mec

2)

Comparing accretion timescale and Coulomb timescale we �nd that

tacc
tcoul

� 0:09 (�e + �p)
�3=2 (15)

This indicates that for a hot quasi spherical accretion (such as an
ADAF), there may not be enough time to virialize the electrons
during the accretion (through Coulomb interactions).

Magnetic Field:
An additional assumption in the ADAF model is that the magnetic
�eld gets ampli�ed up to the equipartition value and one assumes
that the magnetic �eld contributes a constant fraction (1��) of the
total pressure:

pm =
B2

24�
= (1� �)�c2s; (16)

pm is the magnetic pressure due to an isotropically tangled magnetic �eld. Note that the usual

� of plasma physics is related to the � utilized here by �plasma = �=3(1 � �) (the 1=3 arises

because the plasma � uses B2=8� for the magnetic pressure, rather than B2=24�).

Amajor concern is whether a coupling between protons and electrons
will occur due to magnetic waves in the plasma. This is common in
the solar wind, however, no clear answer can be given at present.



ADAFs

Scaling Laws

Using the self{similar solution (7){(9), one can obtain a fairly good
idea of the scalings of various quantities in an ADAF as a function of
the model parameters. Setting f ! 1 (advection{dominated 
ow)
and � = 0:5 (equipartition magnetic �eld), one �nds (Narayan & Yi
1995b; see also Mahadevan 1997),

v ' �1:1� 1010�r�1=2 cm s�1,


 ' 2:9� 104 m�1r�3=2 s;

c2s ' 1:4� 1020 r�1 cm2 s�2;

ne ' 6:3� 1019 ��1m�1 _mr�3=2 cm�3,

B ' 7:8� 108 ��1=2m�1=2 _m1=2 r�5=4 G,

p ' 1:7� 1016 ��1m�1 _mr�5=2 g cm�1 s�2;

q+ ' 5:0� 1021 m�2 _mr�4 erg cm�3 s�1;

�es ' 24 ��1 _mr�1=2; (17)

where ne is the electron density, p is the pressure (gas plus magnetic),
and �es is the electron scattering optical depth to in�nity.
All quantities are in scaled units: the mass is scaled in solar mass
units,

M = mM�;

the radius in Schwarzschild radii,

R = rRS; RS =
2GM

c2
= 2:95� 105m cm;

and the accretion rate in Eddington units,

_M = _m _MEdd; _MEdd =
LEdd

�e�c2
= 1:39� 1018m g s�1;

where �e� , the eÆciency of converting matter to radiation, is equal
to 0.1 in the de�nition of _MEdd (cf. Frank et al. 1992).



ADAFs

Critical Accretion Rate

We can set the ion{electron equilibration time (the time for collisions
to force Ti � Te), tie, equal to the accretion time, ta. The former
time scale is given by (Spitzer 1962)
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(2�)1=2

2ne�T c ln�
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where ln� � 20 is the Coulomb logarithm, �p = kTp=mpc
2, and
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The accretion time is given by

ta =
Z dR

v(R)
' 1:8� 10�5��1mr3=2 s: (18)

Setting these two timescales equal gives

_mcrit ' 5�3=2e �2
' 0:3�2; (19)

where we have used �e � 0:16, corresponding to Te = 109K (Ma-
hadevan 1997).

More detailed models (cf. Esin et al. 1997) give _mcrit � �2. This
value of _mcrit is essentially independent of r out to about 102 �
103 Schwarzschild radii. Beyond that, the accreting gas becomes
one-temperature and _mcrit decreases with increasing r, as explained
above.

Above a critical accretion rate ADAFs turn into standard
disks!



ADAFs

Spectrum

The spectrum from an ADAF around a black hole ranges from radio
frequencies � 109Hz to gamma{ray frequencies >� 1023Hz, and can
be divided into two parts based on the emitting particles:

� The radio to hard X{ray radiation is produced by electrons
via synchrotron, bremsstrahlung and inverse Compton processes
(Mahadevan 1997).

� The gamma{ray radiation results from the decay of neutral pi-
ons created in proton{proton collisions (Mahadevan, Narayan
& Krolik 1997).
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Figure 3: Schematic spectrum of an ADAF around a black hole. S, C, and B refer
to electron emission by synchrotron radiation, inverse Compton scattering, and
bremsstrahlung, respectively. The solid line corresponds to a low _m, the dashed
line to an intermediate _m, and the dotted line to a high _m � _mcrit. The 
{ray
spectrum is due to the decay of neutral pions created in proton-proton collisions.



ADAFs

Spectrum

Another striking feature of ADAFs is that they are much less lumi-
nous than thin disks at low values of _m.

This is because most of the energy in an ADAF is advected, rather
than radiated, leading to a low radiative eÆciency.
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Figure 4: (a) Spectra from an ADAF around a 10 solar mass black hole for (from
top to bottom) log( _m) = log( _mcrit) � �1:1;�1:5;�2;�2:5;�3;�3:5;�4. (b)
Spectra from a thin disk at the same accretion rates. Figures (c) and (d) show the
corresponding spectra for a 109 solar mass black hole. Note that these spectra are
for pure disk and pure ADAF models. In practice, real systems are often modeled
as an ADAF surrounded by a thin disk (see x3.3). In such composite models, the
ADAF part of the spectrum is essentially unchanged, but a dimmer and softer
version of the thin disk is also present in the spectrum.



ADAFs

Spectrum

In fact, the luminosity of an ADAF scales roughly as � _m2 (i.e., the
radiative eÆciency scales as _m). A thin disk, on the other hand, has
a constant eÆciency � 10% and the luminosity scales as _m.

Figure 5: The bolometric luminosity vs. mass accretion rate according to the
model developed by Esin et al. (1997). The vertical dotted line corresponds to
_mcrit (for � = 0:3). Above this _m, the accretion is via a thin disk and L / _M .
Below _mcrit, the accretion is via an ADAF at small radii and a thin disk at large
radii (cf. x3.3). Here L / _M2 because much of the viscously generated energy is
advected into the black hole. The dashed line corresponds to L = 0:1 _Mc2.

The main application of ADAFs is therefore in
Low-Luminosity AGN (LLAGN) and X-ray binaries in the

low(hard)-state.



ADAFs

Problems

Problem: while ADAFs nicely explain the absence of emission, it is
not clear whether their spectra are actually observed!

� Radio cores in LLAGN are often 
at-spectrum and probably
dominated by jet-emission (Falcke et al. 2000, Nagar et al.
2000).

� X-ray and radio-emission in X-ray binaries can equally well
be explained by non-thermal (synchrotron) emission from jets
(Marko�, Falcke, Fender 2001).

� The Spectrum of Sgr A* (radio and X-ray emission) is well
explained by a jet model while ADAFs neither reproduce the
radio nor the X-ray spectrum well.

� But: Even if jet models are sometimes more successful in ex-
plain observed spectra, they still need an ADAF to explain the
absence of disk emission and some other properties.

� Variants: As a remedy a number of variants to the basic ADAF
scenario have been proposed:

BDAF: Bernoulli-Dominated (AD)AFs | the Bernoulli parameter
of ADAFs is positive (they have positive energy) and hence
they should be prone to out
ows and winds.

CDAF: Convective (A)DAFs | the entropy of the gas increases
with decreasing radius. ADAFs are therefore convectively
unstable. This may change density and energy transport.

EDAF: Ejection-DominatedAccretion Flow (or JDAF: Jet-Dominated
ADAF) | a large fraction of the energy is extracted by a
jet or wind.
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Application to XRBs

Figure 6: Spectrum of an ADAF model of V404 Cyg (solid line) at an accretion
rate of _m = 2 � 10�3, compared with the observational data. The dotted line
shows the spectrum of a thin accretion disk with _m = 1:8� 10�3 (adjusted to �t
the optical 
ux).

Alternatively one could �t the spectrum of X-ray binaries also with
synchrotron radiation from the jet alone. Note the 
at-spectrum
radio core that is usually present in the Low/Hard-State.
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Figure 7: Synchrotron emission from a jet, �t the the broad-band spectrum of the
X-ray binary J1118+480 (Marko�, Falcke, Fender 2001)
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Application to XRBs

In reality there may be a connection between an outer thin disk and
a hot inner disk. The transition radius between the two may be a
function of accretion rate. In X-ray binaries one can connect various
X-ray states with di�erent transition radii.
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Figure 8: The con�guration of the accretion 
ow in di�erent spectral states shown
schematically as a function of the total mass accretion rate _m (from Esin et al.
1997). The ADAF is indicated by dots and the thin disk by the horizontal bars.
The lowest horizontal panel shows the quiescent state which corresponds to a low
mass accretion rate (and therefore, a low ADAF density) and a large transition
radius. The next panel shows the low state, where the mass accretion rate is
larger than in the quiescent state, but still below the critical value _mcrit. In the
intermediate state (the middle panel), _m � _mcrit and the transition radius is
smaller than in the quiescent/low state. In the high state, the thin disk extends
down to the last stable orbit and the ADAF is con�ned to a low-density corona
above the thin disk. Finally, in the very high state, it has been suggested that the
corona may have a substantially larger _m than in the high state, but this is very
uncertain.
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Evidence for Event Horizon

An important aspect of ADAFs is that most of the generated energy
is advected and is not seen.

However, this energy can only disappear quietly if the inner bound-
ary of the 
ow is a black hole!

Any solid surface (neutron star or star) would receive the entire
advected energy, thermalize and re-radiate it.

Hence, only the presence of an event horizon allows a quiescent ac-
cretion.

Recently it was argued that neutron star systems are less quiet than
black hole systems | is this indirect evidence of the event horizon?

Figure 9: A comparison between black hole (BH, �lled circles) and neutron star
(NS, open circles) SXT luminosity variations (from Narayan et al. 1997c and
Garcia et al. 1998). The ratio of the quiescent luminosity to the peak outburst
luminosity is systematically smaller for BH systems than for NS systems. This
indicates the presence of event horizons at the center of BH candidate systems.


